THE CUT LOCI ON ELLIPSOIDS AND CERTAIN 
LIOUVILLE MANIFOLDS 



JIN-ICHI ITOH AND KAZUYOSHI KIYOHARA 

Abstract. We show that some riemannian manifolds difFeomor- 
phic to the sphere have the property that the cut loci of general 
points are smoothly embedded closed disks of codimension one. El- 
lipsoids with distinct axes are typical examples of such manifolds. 



1. Introduction 

On a complete riemannian manifold, any geodesic 7(t) starting at a 
point 7(0) = p has the property that any segment {7(t) | < t < T} is 
minimal, i.e., the length of the segment is equal to the distance between 
the points p and 7(T), if T > is small. If the supremum of the set 
of such T is finite, then the point 7(^0) is called the cut point of p along 
the geodesic 7(t) (t > 0). The cut locus of the point p is then defined 
as the set of all cut points of p along the geodesies starting at p. For 
the general properties of cut loci, we refer to [I9], |26j . 

The study of cut locus was started at 1905 by H. Poincare [22] in 
the case of convex surfaces, and there are several classical results, for 
example, [21], [35], [36]. From its definition, the cut locus of a point 
p on a compact manifold M is homotopically equivalent to M — {p}, 
but it can be very complicated, see [5J, [9J. The structure of cut locus 
was studied in connection with the singularity theory, see [2], [3], [3^ . 
Recently, a property of cut locus was used to solve Ambrose's problem 
on surfaces [S], [S], and it was proved that the distance function to the 
cut locus has Lipschitz continuity [TH], [2U]. Other applications of cut 
locus are found in [1], [20] also. 

It is well known that the cut locus of any point on the sphere of 
constant curvature consists of a single point, and it is also known that 
this property characterizes the sphere of constant curvature (an affir- 
matively solved case of the Blaschke conjecture, see [1]). However, in 
most cases, to determine cut loci are quite difficult problems. There 
are only a few cases where the cut loci are well understood; for exam- 
ple, analytic surfaces [2T], symmetric spaces and some homogeneous 
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spaces [7], [23], [21], [25], [31], certain surfaces of revolution [6], [30] . 
[22], [S3], Alexandrov surfaces [2Z], tri-axial ellipsoids and some Liou- 
ville surfaces [10], [11], [21] ([21] is an experimental work). Especially 
in higher dimensional case there are not many results without symmet- 
ric spaces and some singular spaces [H], even if using computational 
approximat ions . 



In the earlier paper [T0|, we proved that the cut locus of a non- 
umbilic point on a tri-axial ellipsoid is a segment of the curvature line 
containing the antipodal point, inspired by an experimental work [12j. 
Also, we gave the complete proof of Jacobi's last geometric statement 
(|15j. |16j . see also [2^, which contains historical remarks). Further- 
more, we have seen in [11] that there are many surfaces possessing such 
simple cut loci. Surfaces we considered in [IT] are so-called Liouville 
surfaces, i.e., surfaces whose geodesic flows possess first integrals which 
are fiberwise quadratic forms. In such cases the geodesic equations are 
explicitly solved by quadratures. But, to determine cut loci we needed 
some additional conditions, which is satisfied in the case of ellipsoid. 

In the present paper, we shall give a higher dimensional version of the 
above-mentioned results. We shall consider cut loci of points on certain 
Liouville manifolds diffeomorphic to n-sphere, and prove that the cut 
locus of any point is a smoothly embedded, closed (n — l)-disk, if the 
point does not belong to a certain submanifold of codimension two. We 
shall also prove that the cut locus of a point on that submanifold is a 
closed (n— 2)-disk. The n-dimensional ellipsoids with n+1 distinct axes 
will be shown to possess such properties. Here, "Liouville manifold" is 
a higher dimensional version of Liouville surface, which we shall explain 
in the next section. 

Now, taking the ellipsoid M : ^"^o""?/*^* = 1 (0 < a„ < ■ ■ ■ < oq) 
as an example, let us illustrate our results in detail. Let Nk and Jk be 
the submanifolds of M defined by 

Nk = {u = (mo, . . . , Mn) e M I Mfc = } (0 < A; < n) 

Jjfc = {« G M I Mfc = 0, V — = 1} {l<k<n-l) 

1^ «^ - «^ 

Then: Nk is totally geodesic, codimension 1; Jk G Nk, Jk is diffeomor- 
phic to S''~^ X 5*""^"^; IJ^ Jk is the set of points where some principal 
curvature with respect to the inclusion M C M"'"'"^ has multiplicity > 2; 
denoting by (Ai, . . . , A^) the elliptic coordinate system on M such that 
ct/c < Afc < ak-i (see below), we have 



Nk — {Afc — Qk or Afc_|_i — ttk }, Jk — {Afc — \k+i — a-k }• 
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Let us denote by C{p) the cut locus of a point p G M. Let (A?, . . . , A°) 
be the elhptic coordinates of p. Then: 

(1) li p ^ Jn-i, then C{p) is an (n — 1) -dimensional closed disk 
which is contained in a submanifold (possibly with boundary) 
defined by A„ = A°. Also, C{p) contains the antipodal point 
of p in its interior. For each interior point q of C{p) there 
are exactly two minimal geodesies joining p and g; the tangent 
vectors of those geodesies at p are symmetric with respect to 
the hyperplane d\n = 0. For each boundary point q of C{p), 
there is a unique minimal geodesic from p to q, along which q 
is the first conjugate point of p with multiplicity one. 

(2) If p e Jn-i, then C{p) is an {n — 2) -dimensional closed disk 
contained in J„_i. It is identical with the cut locus of p in the 
{n — l)-dimcnsional ellipsoid Nn-i- For each interior point q of 
C{p) there is an 5'^-family of minimal geodesies joining p and q; 
the tangent vectors of those geodesies at p form a cone whose 
orthogonal projection to TpJn-i is one-dimensional. For each 
boundary point q of C(p), there is a unique minimal geodesic 
from p to and along it q is the first conjugate point of p; but 
the multiplicity is two in this case. 

Here, the elliptic coordinate system (Ai, . . . , An) on M (A^ < • • • < Ai) 
is defined by the following identity in A: 



For a fixed u e M, A^ are determined by n "confocal quadrics" passing 
through u. From A^'s, ui are explicitly described as: 



The organization of the paper is as follows. In §2 we shall briefly 
explain Liouville manifolds in the form what we need. In §3 we shall 
illustrate how to solve geodesic equations on a Liouville manifold. Since 
the geodesic flow is completely integrable in this case, solutions are 
given by integrating a system of closed 1-forms. In this particular case, 
a natural coordinate system provides "separation of variables" . This 
coordinate system is analogous to the elliptic coordinate system on 
ellipsoids. In §4 we shall give an assumption under which the results 
on cut loci are obtained. Some useful inequalities are proved there. 

In §5 basic properties of Jacobi fields and their zeros are investigated, 
which are crucial in the arguments of the following sections. In §6 we 
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define a value to(^) to each unit covector 77, which will indicate the 
cut point of the geodesic with initial covector t]. Then, we prove some 
preliminary facts on the behavior of geodesies starting at a fixed point. 
The main theorem, Theorem 17.11 will be stated in §7 and proved in 
§§7-9. 

In the forthcoming paper, we shall clarify the structures of conjugate 
loci of general points on certain Liouville manifolds, which will be a 
higher dimensional version of "the last geometric statement of Jacobi" 
explained in [TI)]. f2E\. 

Preliminary remarks and notations. We shall consider geodesic 
equations in the hamiltonian formulation. Let M be a riemannian 
manifold and g its riemannian metric. By b : TM —>■ T*M we denote 
the bundle isomorphism determined by g (Legendre transformation). 
We also use the symbol jl = b^^- The canonical 1-form on T*M is 
denoted by a. For a canonical coordinate system (x,^) on T*M {x 
being a coordinate system on M), a is expressed as J^i^i^^i- Then 
the 2-form da represents the standard symplectic structure on T*M. 
Let E be the function on T*M defined by 

We call it the (kinetic) energy function of M. For a function F, H on 
T*M, we define a vector field Xp and the Poisson bracket {F, H} by 

Then Xp generates the geodesic flow, i.e., the projection of each inte- 
gral curve of Xp to M is a geodesic of the riemannian manifold M. 

2. Liouville manifolds 

By definition, Liouville manifold (M, JF) is a pair of an n-dimensional 
riemannian manifold M and an n-dimensional vector space JF of func- 
tions on T*M such that i) each F G is fiberwise a quadratic poly- 
nomial; ii) those quadratic forms are simultaneously normalizable on 
each fiber; iii) T is commutative with respect to the Poisson bracket; 
and, iv) contains the hamiltonian of the geodesic flow. For the gen- 
eral theory of Liouville manifolds, we refer to [18]. In this paper we 
only need a subclass of "compact Liouville manifolds of rank one and 
type (A)", described in [18]. So, in this section, we shall briefly explain 
about it. 
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Each Liouville manifold treated here is constructed from n + 1 con- 
stants ao > ■ ■ ■ > an > and a positive C°° function A{X) on the closed 
interval a„, < A < Oq. Let ai, . . . , a„ be positive numbers defined by 

r^-i A(X) dX 



(-i)^n"=o(A-a 



Define the function fi on the circle M/ajZ = {a;,} {1 < i < n) hy the 
conditions: 

(2.1) >df^\" (-i)^4n;=o(/^-a,; 



(2.2) /i(0) = tti, fi{^) = ai-i, fi{-Xi) = fi{xi) = /,(y - Xi) 

Then the range of fi is [oj, aj_i]. 
Put 



i? = ]^(M/aiZ) . 



i=l 

Let Ti {1 < i < n — 1) he the involutions on the torus R defined by 

and let G (~ (Z/2Z)"~^) be the group of transformations generated by 
Ti, . . . , r„_i. Then it turns out that the quotient space M = R/G is 
homeomorphic to the n-sphere. Moreover, let p G i? be a ramification 
point of the branched covering R R/G. Suppose p is fixed by Tj^ , . . . , 
Tjj., and is not fixed by other r^'s. Taking a suitable coordinate system 
(yi, . . . , Un) obtained from (x) by exchanges {xi Xj) and translations 
(xj ^ Xi + c), it may be supposed that p is represented hj y = and 
Tj, is given by 

ivi, ■■■,yn) ^ ivi, 2/2«-2, -y2i~i, -y2h 2/2/+1, •••,?/«) ■ 

Then we can define a differentiable structure on M so that 

{yf - yl, '^ym, • • • , y2k~i - ylk^ '2y2k-iy2k, 1/2^+1, ■■■,yn) 

is a smooth coordinate system around the image of p. With this M is 
diffeomorphic to the standard n-sphere. One can prove those facts by 
comparing the branched covering R R/G with the standard case; 
see dHl p. 73]. 
Now, put 

, -1)* Yl'^<k<n-i{fi{xi) -ttk) {I <j <n - 1) 
bij(xi) = < k^j 



n] 
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and define functions Fi, . . . , F„ = 2E on tlie cotangent bundle by 

n 

(2.3) ^6.,(x.)F,=ef , 

wfiere are the fiber coordinates with respect to the base coordinates 
). Although there are points on T*R where Fi are not well- 
defined, it turns out that Fj represent well-defined smooth functions 
on T*M. Computing the inverse matrix of {hij) explicitly, we have 



Ili^iUi - fi) 



One can also see that F, restricted to each cotangent space of M, is 
a positive definite quadratic form. Therefore 

(2.4) g = $^(-1)"-^ ( n(/' - 

is a well-defined riemannian metric on M, and E is the hamiltonian 
of the associated geodesic flow. We call E the energy function of the 
riemannian manifold M. From the formula (12.31) one can easily see that 

{F„F,} = (l<2,j<n) , 

where {, } denotes the Poisson bracket (see [TH Prop. 1.2.3]). In par- 
ticular, the geodesic flow is completely integrable in the sense of hamil- 
tonian mechanics. 

As examples, if A{X) is a constant function, then M is the sphere of 
constant curvature. This case is explained in detail in [HI pp. 71-74]. 
If A{X) = -\/A, then M is isometric to the ellipsoid Yl^=o'^i /(^i = 1- In 
this case, the system of functions (/i(a;i), . . . , /ra(a;„)) is nothing but the 
elliptic coordinate system (see Introduction), i.e., fi{xi) = Aj. One can 
easily check that the induced metric Yli duf coincides with the formula 
(12.41) when fi satisfy the equations (12.11) and A[\) = ^/X. 

Finally, let us define certain submanifolds of M which are analogous 
to those for the ellipsoid stated in Introduction: Put 

Nk = {x e M \ fk{xk) = ak or fk+i{xk+i) = ak} {0 < k < n), 
Jk = {x e M \ fk{xk) = fk+i{xk+i) = ak} {l<k<n- 1). 
Then we have, putting {Fk)p = Fk\T*M, 
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Lemma 2.1. (1) Jk = {p e M \ {Fk)p = 0} . 

(2) Nk = {pe M \ rank {Fk)p < 1} {l<k<n-l). 

(3) IJj;^ Jfc is identical with the branch locus of the covering R — > 
M = R/G. 

(4) is a totally geodesic submanifold of codimension one (0 < 
k < n). 

(5) Jfc C Nk, Jk is diffeomorphic to S'^^^ x 5"""^"^ 

Proof. For (1) and (2), see pp. 52-56]. (3) is obvious. (4) follows 
from the fact that A^^^ is the fixed point-set of the involutive isometry 
(xi, . . . , Xn) > (xi, . . . , —Xk, . . . , Xn)- (5) is easily seen by comparing 
the branched covering with the standard one, [HI p. 73]. □ 

3. Geodesic equations 
The geodesic equations are generally written as 

dxi BE d^i dE 
dt ' dt dxi 

But, since our geodesic flow is completely integrable, it is better to 
consider the equation of geodesies with Fj = Cj (1 < j < n — 1) and 
2E = 1. If c = (ci, . . . , c„_i, 1) is a regular value of the map 

F= (Fi,...,F„_i,2E) :T*M-^M" , 

then its inverse image is a disjoint union of tori, and the vector fields 
Xp., Xe on it are mutually commutative and linearly independent 
everywhere. Here Xf denotes the hamiltonian vector field determined 
by a function /; 



df d df d 



d^i dxi dxi d^i 



Let ujj (1 < j < n) be the dual 1-forms of {ir^Xp,.}, where tt : 
T*M M is the bundle projection. Then, by (12.31) we have 

uJi = ^^dxi il<l<n). 

They are closed 1-forms, and the geodesic orbits are determined by 

(3.1) uji = (l</<ri-l), 
and the length parameter t on an orbit is given by 

(3.2) dt = 2un. 
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Putting 



0(A) = E 



n 



l<fc<n-l 



- I 11^ - ak) 

k=l 



we have from 



where ej = sgn^j = sgn (^) = ±1. If a covector (x,^) with Fi = 
Ci, . . . , -Fn-i = c„_i, 2E = 1 satisfies 7^ for any 1 < i < n, then we 
have 

i-iyeiM^i)) > 0. 

Therefore for such ci, . . . , c„_i, the equation 9(A) = has n — 1 distinct 
real roots 61 > 62 > • ■ ■ > &n-i, and they satisfy 

/i(xi) > 61 > /2(a;2) > 62 > ■ ■ ■ > /„-i(x„_i) > 6„_i > /„(x„). 

Thus we have the identity 

n-1 

e(A) = -n(A-M, 

«=1 

and Cj are expressed by fc^'s as 

rn-l, 



- nr=i - 

Y[^<k<n-l{0'j — O'k) 



(3.3) Cj = ^ ^^'=^ (1 < J < ^ - 1) 



Conversely, let 61, ... , 6n-i be any real numbers satisfying 

(3.4) Oj+i <bi< ai-i , < k 

for any z, and define ci, . . . , c„_i by (13.31) . Then there is a covector 
{x,C,) with Fi = ci, . . . , F^-i = c„_i, 2_E' = 1. It can be verified that 
if 61, . . . , bn-i satisfy 

(3.5) Oi+i <bi < tti-i , hi ^ at, k+i < hi for any i 

then the corresponding c = (ci, . . . , c„_i, 1) is a regular value of F. 

To describe the behavior of the geodesies it is more convenient to 
use the values (61, ... , bn-i) rather than using (ci, . . . , c„_i) directly. 
So, we shall mainly use (61, . . . , fe^-i) as the values of first integrals 
which determine the Lagrange tori F^^[c). Also, we shall denote by 
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Hi, ... , Hn-i the functions on the unit cotangent bundle U*M whose 
values are 61, ... , &n-i- Namely, Hi's are determined by 

[ll<k<n-l[aj — Clk) 

^l(/^)>--->^n-l(/i), fieU*M. 

The range of Hi are given by (13.41) . 
Now, put 

af = maxjoj, bi} {1 < i < n — 1), = an 
= minjoj, bi} (1 < i < n — 1), Oq = oq . 

If bi, . . . ,bn-i satisfy the condition (13. 5p . then the vr-image of a con- 
nected component of -F~^(c) (a Lagrange torus) is of the form 

Li X ■ ■ ■ X L„ C M , 

where each Lj is a connected component of the inverse image of [af, a~_-^] 
by the map 

fi : R/aiZ [ai,ai-i] . 

(Observe that the "generalized band" Li x ■ ■ ■ x L„ C i? is injectively 
mapped to M by the branched covering R M.) 

Along a geodesic {xi(t), . . . ,x„(t)), the coordinate function Xi(t) os- 
cillates on Li if Li is an interval, or Xi(t) moves monotonously if Li is 
the whole circle. Also, the function fi{xi{t)) oscillates on the interval 

After all, the equations of geodesic orbits 

uJi = (1 < / < n - 1) 

are described as 

" ei(-l)* Yll<k<n-l{fi{Xi) - ttfc) dXi 

V = (l</<n-l). 

Note that this system of equations is equivalent to 

ei{-\yG{h) dx, ^ 

-1 \l{-iy-'Y{T=\{h-hk) 

for any polynomial G{X) of degree <n — 2. Since 

dhV (-l)'4nLo(/.-a;^) 
dxi) AU\Y 
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those equations are also described as 

i=l 



(3.6) 



0, 



nLi(/i-^fc)-nLo(/i-«fe) 



where e[ = sgn of dfi{xi(t))/dt. 
By (13. 6p we have 



i=l 



iTkJiifi-bk) ■Yrk=oifi 



ak 



dU{xi{t)) 



dt 



dt = 



for any polynomial G{X) of degree < n — 2 and for a fixed s G M. By 
using the variables ctj defined by 



(Tiit) : 

this formula is rewritten as 

_-.<Ti(t) 

(3-7) E 



dt 



dt 



dai = . 



Here, is regarded as a function of cxj, i.e., putting (pi(t) = a, + |t| for 
1^1 < fli-i — ctj and extending it to M as a periodic function with the 
period 2(ai_i — a,), we have 

fi = (piic^i + (^iifi{xiiO)) - fli)) 5 

where = ±1 is the sign of dfi{xi{t)) / dt at t = 0. Also, integrating 
dt = J2iibin/^i)dxi, we have 

(-1)^G(/.)A(/,) 



(3 



where G{X) is any monic polynomial in A of degree n — 1. 

4. A MONOTONICITY CONDITION FOR A{\) 
We put the following conditions on the function A{\): 



t - s 



'1< k<n-l] 



(4.1) (-l)^-iA(^)(A)>0 on[a„,ao] 

for n > 3, where A^''^ denotes the k-th. derivative of A. For the case 
n = dimM = 2, we need (14. ip for 1 < < 2, as described in our 
earlier paper pT]. A typical example satisfying the condition (14. ip is 
the ellipsoid, in which case Since the condition (14. ip is 

C"~^-open, there are surely many A{X) satisfying it. 



THE CUT LOCI ON ELLIPSOIDS 11 

In the rest of this section, we shall prove some inequalities which are 
obtained under the condition fl4.1l) . Put 

Gi{\)= n (^-^'^•) (i<^<^-i)- 

l<fc<n-l 

Proposition 4.1. IfA{X) satisfies the condition fl4.1l) . and if hi, . . . , 

and Oq, . . • , On ore all distinct, then the following inequalities hold: 

(1) 

^=^-^'^ v-n::;(A-M-nLo(A-«.) 

where I is any (possibly empty) subset of {1, . . . ,n — 1} such 
that 4^1 <n- 2; 

(2) 

9bi ^ Ja+ . /„ rr""ir - • ™ - ^ 



-m:i(A-M-nLo(A-a.) 

where 1 < I < n — 1. 

The inequality (1) is still valid if bj 's {j ^ /) are mutually distinct. 
Precisely speaking, when a sequence of bj 's with bj 's and at 's being all 
distinct converges to some bj 's which satisfy bk 7^ bi for any k,l & J, 
k ^ I, then the formula in (1) has a limit and the limit is still negative. 

In the following two lemmas, we shall assume that 61, ... , 6„_i and 
Oo, . . . , a„ are all distinct. 



Lemma 4.2. 



y / (-l)-G(A) dX ^ Q 



i=l 



for any polynomial G{X) of degree < n — 2. 

Proof. Let W = {A} be the region C U {00} — Ui'Lil'^o '^i^il- Then 
there are a meromorphic function nonW such that 

n—l n 
k=l k=0 

and the holomorphic 1-form {G{X)/^)dX on W. Taking the sum of 
contour integrals around the intervals [af , c^ili], one obtains the desired 
formula. □ 
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Lemma 4.3. Let J be any nonempty subset of {1, . . . ,n — 1}, and let 
B{X) be the function defined by 



j1(A) ^k , ^(^k) 



Suppose A{X) satisfies the condition T/ien -B(A) satisfies 

{-l)*-^+"'B^"'\\) <0 for an<X<ao and 0<m<n-l-#J. 

Proof. We shall prove this by an induction on ^J. When J = {k}, 
then 

(4.3) 5(A) = "^^^l ~ f^'^ = f A{t{\ - b,) + bk)dt, 

>^-bk Jo 

and we have (— l)^+'"i?*^'")(A) < by the assumption on A{\). 
Now suppose #J > I, I ^ J and let Ji = J U {/}. Then 

A(A) Ck , fi(A) 



m.eJ.(A-fe.) ^(A-M(A-60 X-k 

f Ck Cfc V ^(^0 , Bi\)-Bibi 



,^bk-bi\\-bk X-biJ X-bi X - b, 

keJ ' 

Let us denote the last term in the right-hand side by i?i(A). Since it 
is written as 

/ B'{t{X~bi)^bi)dt, 
Jo 

we have (— l)*"'+^+™i?|'"^(A) < by the induction assumption. □ 

Proof of Proposition \4 ■ 1] First, suppose that &i, . . . , &n-i and oq, . . . , 
Qn are all distinct. Let A{X) be a positive function on [a„, oq] satisfying 
the condition (14.11) . Let I be as in Proposition 14.11 (1) and let J be its 
complement in {1, . . . , n — 1}. Define the function -B(A) by the formula 
(14.21) . Then, by Lemmas 14.31 and 14.21 we have 

j2 r - (-i)-+#M(A)nz,,(A-&o 
rifci^A-^fc) ■nLo(A-«fc) 



Since (—1)* ^ n?=i "~ ^i) > on {af, a-_^), and since 



'■J 



{-lf-^-*'B{X) < 
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by Lemma [4.31 we have the inequahty (1) in this case. 

Next, let us consider the hmit case. The hmit 6j's are assumed that 
bk 7^ bi for any k,l & J, k ^ I. Note that the function B{X) is defined 
by the formula (14. 2 p and it only depends on A{X) and bj's (j G J). 
Since the limit bj's {j G J) are mutually distinct, it follows that the 
function B{X) has a limit. Therefore the right-hand side of the formula 
(14.41) has a finite limit and it is still negative by the same reason as 
above. 

To prove (2), we put 

X-bi X-bi 
Then the left-hand side of (2) is equal to 

^ Ja+ . I rr"-i'- - ' — ~ " 



1=1 



- riLi (A - bk) ■ nLo(A - flfe) 



(4.5) =2^L / \i = 

nLJ(A-&fe)-nLo(A-afe) 



i=l 



^ (-i)^5(A,6,)ni<.<n-i(A-fe,) 

-y / . ^^A. 

2 ^ / T-rn-l-- - - — 

1=1 



nLi(A-^fe) ■nLo(A-«fc 

The second line of the right-hand side is equal to 

p-i (-i)^5i(A,6oni<,<„-i(A-&,; 



2 

1=1 



nLJ(A-&fc) ■nLo(A-afc) 



where 



Since Bi{X,bi) < 0, it follows that the right-hand side of the formula 
(14.51) is positive. □ 

5. Jacobi fields 

In this section we shall consider Jacobi fields along a geodesic which 
is not totally contained in the submanifold Ni for any i. Let 7(t) = 
{xi(t), . . . ,Xn{t)) be such a geodesic. In this case, the corresponding 
values bi of the first integrals Hi satisfy bi ^ Oj+i and bi ^ aj_i for any i. 
We shall consider the following three cases separately: (i) 6i, . . . , fe^-i 
and Qq, . . . ,an are all distinct; (ii) there are some i such that bi = a^. 
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but other bj's are not equal to any nor 6^; (iii) there are some j such 
that bj — bj^i, and there may be some i such that 6, = a^, but there is 
no / such that bi — a;+i or bi = a;_i. 

First, let us consider the case where bi, . . . , 6„_i and ag, . . . , a„ are 
all distinct. For each i, let C M be the set of the time s such that 
Mxi{s)) = bi {bi = a+) or fi+i{xi+i{s)) = bi {bi = a~). Then Si are 
discrete subsets of K. At each point 7(s) where s ^ Si for any i, the 
system of functions {Hi, . . . , Hn-i) can be used as a coordinate system 
on the unit cotangent space U*^^-^M around the covector {x{s),^{s)) = 
b(7(s)). Then, identifying d/dHi G T[,(^(s))([/*j^^-|M) with a covector in 

T*^^^M in a natural manner, we put Vi{s) = Kwr/\w"\) ^ T^{s)M at 
7(s). As is easily seen, the norm \d/dHi\ is equal to 

1 / {-lY-^G,{b^ 

At the point 7(5) where s G 5*4, we put vf = fi{xi{s)) — Hi if bi = af 
(resp. = Hi — fi^i{xi-^-i{s)) if bi = a^), and use Ui as a coordinate 
function on U*^^^M instead of H^. We choose the sign of Ui so that it is 

equal with the sign of ^i (resp. ^,+1). Then we put Vi{s) = tl(^/|^|) 

in this case. It is easy to see that M. 3 s ^-^ Vi{s) is smooth up to 
the sign. Therefore wc can take a smooth vector field Vi{t) along the 
geodesic 7(t) such that Vi{t) = ±Vi{t) for any t G M. We now define 
the Jacobi field along the geodesic 7(t) by the initial conditions 

yi,s{^) = and Yl^{s) = Vi{s) for any s G M, where F-^t) denotes the 
covariant derivative of with respect to d/dt. 

Let us denote by fl{Y, Z) the symplectic inner product of two Jacobi 
fields along ^{t) which are orthogonal to 7(t) for any t: 

n{Y, Z) = g{Y{i),Z'{t)) - g{Y'{t), Z{t)) , 

which is constant in t. Let be the vector space of Jacobi fields along 
7(t) spanned by \Yi^i,{t) \ s G M}. 

Proposition 5.1. Along the geodesic '~f{t) such that and 
oo, . . . , On (if^G all distinct, the Jacobi fields defined above have the fol- 
lowing properties. 

(1) Yi^s{t) G Wyi{t) for any i and s,t eR. Also, Vi{t), . . . , Vn-i{t), 
7(t) are mutually orthogonal for any i G M. 

(2) yi and yj {i ^ j) are mutually orthogonal with respect to the 
symplectic inner product fl, i.e., Yj) = for any Y^ & y^ 
and Yj G y^ . 

(3) Each Vi{t) is parallel along the geodesic ^{t). 
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(4) Each yi is two-dimanesional. 

(5) // 7(si) and 7(52) (si < S2) are mutually conjugate along the 
geodesic ^{t), then there is i and a nonzero Jacobi field F G 
such that r(si) = ¥{32) = 0. 

(6) Yi^si{s2) if si ^ Si, S2 7^ si, and either [si,S2) fl 5^ = 0, 

Si < S2 or {S2, Si] n = 0, S2 < Si. 

(7) The Jacobi field Yi^siit) (si G Si) vanishes at t = S2 if and only 

lfS2 E Si. 

Proof. Let 'y{u,t) = (• • • ,Xk{u,t), . . . ) be a one-parameter family of 
geodesies such that Xk{0,t) = Xk(t) and {d/du)\u=o represents the Ja- 
cobi field Yi^si{t)- Suppose that G = Gj, i j , and s = si and t = $2 
do not belong to Si U 5*^- in the formula (13. 7p . We then differentiate the 
formula by u. Since 

" 7^0 {k = t); =0 (M^), 



du '"=° 



we have 



(5.1) 



where c = ± (the norm of d/dHi at 7(si)) and /; = fi{xi{s2)) in the 
first line, and Gij{X) = Ylk^^iji"^ ^ ^k)- Observe that the second line 
in the above formula vanishes by the formula (13. 7p . Moreover, the 
covector 



1 " 



'=1 \/- ITkJiifi - h) ■ Uk=o(fi - 



is equal to the one which is represented by d/dHj at 7(^2), which is a 
nonzero scalar multiple of \){Yj ^^{32))- Thus we have 

fi(r,,„r,-,J = g{Y,,sAs2),YlJ32)) = , 

which is valid for any si, S2 G M by continuity. In particular, we have 
giYi^sAs2), Vj{s2)) = for any j ^ i, and also g{Vi{3i), Vj{3i)) = by 
differentiating it at S2 = si. Thus we have (1) and (2). 

(3) and (4) follow immediately from (1) and (2). The assertion (5) 
is also obvious. Next, we shall prove (6). First, we assume Si < S2 and 
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S2 ^ Si. In the same way as above, we have 
(5.2) 

'=1 v - ui=iU'i - bk) ■ nLo(/« - 



+2^5: 



o-!(s2) 



dai = . 



ak 



Note that, since [si, S2] fl S'j = 0, // — bi never vanish on the interval 
[(T;(si), cr;(s2)]. The second hne in the above formula being negative, 
we have ^(^^,,,(52), F/,,(s2)) ^ 0. Thus ^^1(^2) ^ 0. 

Next, let us take S3 e Si such that si < S3 and [si, S3) fl = 0. As 
proved above. 



d 




d 


dHi 


7(si) 


dHi 



7(s2) 



1 " 
8 ^ 



o-i{s2) 



^?(n.i(^2),v'.:.,(s2)) 

-l)^G.(/z)A(/0 



dai 



for any S2 such that Si < S2 < S3. Suppose bi = af. Since 

^7(r,,,(s2),y/,,(s2)) = fi(n„r.j = -^7(r/,^(sO,n.2(^i)) , 

multiplying both sides by 2|z/j| = 2a/ fi{xi{s2)) — bi, and taking a limit 
■S2 ^ 53, we have 

(5.3) -c^(y; (si),ri,,3(si)) = - , , 

2 /-nM.(^^-^^)-nLo(&^-«^) 



where c' = \d/dHi\.y(^si)\d/dh'i\.y(^sa)- Since the left-hand side of the above 
formula is equal to 

C'^7(F,,,(S3),F/,3(S3)) , 

and since the right-hand side does not vanish, we have 

(5.4) F,,,,(S3)^0, F,,,3(si)^0. 

The case where S2 < Si is similar. Therefore the assertion (6) follows. 

Now, in the situation of (6), take Sq G Si such that Sq < Si and 
(so, Si] n = 0. Then, again multiplying both sides of the formula 
(15.31) by {uil = \/Yi{^'!^iJy^if)'^~b^i and taking a limit si sq, we have 

(7(F,,„(s3),y/,3(s3))=0. 

Thus it follows that Yia^{s^) = 0, and combined with (15.41) we have 
(7). ' □ 
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The following corollary is immediate. 

Corollary 5.2. Fix to and let t^ < t\ < t2 < . . . be the zeros of the 
Jacobi field Yi^t^{t) for t >to. Then: 

(1) If to G Si, then the set {t^} coincides with {t E Si \ t > to} 

(2) If to ^ Si, then every t\ ^ Si, and there is just one element of 
Si in the interval {t\,t\j^^) for each k. 

(3) The set of conjugate points of •yito) along •yit) {t > to) is equal 
to {7(4) I k>l,l<i<n-l}. 

We shall prove one more result on the zeros of Jacobi fields in this 
case, which needs the assumption (14. ip . 

Proposition 5.3. Fix i and take si and S2 such that si ^ Si, si < S2, 

and <Ji{s2) — cr;(si) < ^{aji^ — a^) for any I. Then Yi^si{s2) 7^ 0. 

Proof. Let S3 G Si such that Si < S3 and [si,S3) fl 5^ = 0. If S2 < S3, 
then the assertion follows from (5) of the previous proposition. Now 
suppose S3 < S2. As above, we shall compute g(Yi^si{s2),Y/ ^^{32)). In 
this case, however, the formula fl5.2p is invalid, because the integral 
diverge at t = S3. So, instead, we differentiate the formula 

.2(a- ,-a+)+.,(si) {-iyG,{fl)Mfl) dcTl 



(5.5) 



S ■^-(-) ^- uViifi - bk) ■ ULoifi - ^k) 

(-1)'G,(A)A(A) dX 



1=1 



nLJ(A-&fc) -riLoi^-^fc) 



in terms of the deformation parameter defining cYi^si, c being ± (the 

norm of d/dHi at 7(si)): 

(5.6) 

I d{fi{xi)){cYi^sAs2)) 



1^ {-iyGi{fi)A{fi) dai 



^ '=1 -^-(-^ (// - b^)^J~m=Afl-bk)■ULoifl-<^k) 

+2— E (-1)'G.(A)A(A) d\ ^ ^ 

^^'i=i^< ^J-UVli^-bk)■m=oi^-ak) 

Note that hi is not contained in the range of /; while ai moves in the 
interval [ai{s2),2{aj'_^—a'l^) + ai{si)] (/ = i,i + l). Since the second line 
of the formula (15. 6p is positive or zero, and since the third line is positive 
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by Proposition 14. 11 (2). it therefore follows that g{Yi^si{s2),Y- ^^{32)) 7^ 
0. ' ' □ 

Next, we shall consider Jacobi fields along the geodesic 7(t) for which 
some bi is equal to Oj, but other fe^'s are not equal to any nor bk- 
For i with bi = ai, let Si be the set of s G M where fi{xi{s)) = bi. One 
can see from the formula (13. 7p that Si is also the set of s G M where 
/j+i(xi+i(s)) = bi, i.e., s G S'j if and only if 7(3) G Jj. For such i and 
s E Si, we define Yi s(t) as the Jacobi field 7i^{Xp-) along the geodesic 
■j(t). For s ^ Si, Yi^sit) is defined as before. Also, for j with bj 7^ aj, 
the set Sj and the Jacobi fields Yj^s{t) are defined as before. 

Proposition 5.4. For a geodesic 7(t) stated above, the statements in 
Propositions \5.1\ 15.31 and Corollary \5.^ equally hold. 

Proof. Only the parts related to the Jacobi field Yi^sit) = '^*{XFi) would 
be nontrivial. Suppose bi = ai and si ^ Sj, 82 G Si. Considering the 
symplectic inner product of two Jacobi fields and Yi^^^it), we 

have 

^iYj^s,,%32) =cuj (t^,XfA 

dbj ni<fc<n-i(ai - Ofc) Wo (j = i) 

where uj is the symplectic 2-form J2k^^k A dxk, d/dHj is the tangent 
vector to U*^^_^-^M at b(7(si)) defined as before, and c = l/\d/dHj\. 
The proposition follows from this formula. □ 

Next, we shall consider Jacobi fields along a geodesic for which there 
are some j such that bj = bj^i and there may be some i such that 
bi = ai, but there is no / such that bi = ai+i or bi = a/_i. In this case, 
fj{xj{t)){= bj = bj^i) remains constant along the geodesic 7(t). We 
put this value A° for convenience. For each point 7(5) on the geodesic, 
we adopt the coordinate functions on the unit cotangent 

space U*^^s^M, around the covector b(7(s)), instead of Hj, Hj_i, defined 
by the formula: 

We choose the sign of Hj so that it is equal to that of ^j. Let us denote 
by Zj^s(t), Zj-i^sit) the Jacobi fields along the geodesic 'j{t) with the 
initial conditions 

ZkAs) = 0, Zl^,{s) = ^id/dixk)/\d/di,k\ {k=j,j - 1) . 
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Note that 



d 




d 













l)"G,,_i(AO) / d d 



at each covector b(7(s)). 

Define the real number Og^ (S2) by the formula 



0-i(s2) 



(5.7) 



+2^,,(S2) ^ ■"■^ = . 



We then have the following proposition. 

Proposition 5.5. (1) ^^,51(52) = for k — j, j — 1 and any Si, S2 

such that 9si{s2) = tt. 
(2) Zj^si{s2) o,nd Zj_i^si{s2) are linearly independent for any Si and 
S2 such that < 6*5^(52) < tt. 

Proof. We consider a one-parameter family of geodesies t 7('U, t) 
such that 7(0, t) = 7(t), 7(m, si) = 7(si), and the values ftj of the 
first integrals Hi for 7(1*, t) are the same as those for ^(t) except that 
bj-i{u) = Hj^i{\>{'^{u,t))) = A° + -u^. Since bj = A° = fj{xj{u,si)) 
for any u, it follows that the Jacobi fields Yj^siit) and Y^_i^s^(t) are 
defined along the geodesic '~f{u,t) for u ^ 0. Observe that on the unit 
cotangent space [/*^^^^M, [d / dvj) /\d / di'j\ tends to ±{d/diJ,j)/\d/diJ,j\ 
and {d/dHj_i)/\d/dHj_i\ tends to as — > 0. 

Thus the Jacobi fields y,-.sj(t) and l^-i,si(^) along the geodesic '~f{u,t) 
converge to Jacobi fields Zj^siit) and Zj_i^si{t) up to the sign along the 
geodesic 7(t) as m — > 0. 

Moreover, with this procedure of taking the limit, we claim that the 
Jacobi fields Yj^s^it) and Yj_i^s2{'t) along the geodesic ^{u,t) tend to 

e {cos 6 Zj^s,^{t) + sva.9Zj_i^s^{t)) and e (— sin ,,2(t) + cos ^Zj_i^s2(t)) 

respectively, where e = ±1 and ^ = 9s^{s2)- To see this, we begin with 
the formula before taking the limit: 



(6.8) t r'"' = . 
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Define the function 6{u,t) by 

fj{xj{u,t)) = bj{cos9{u,t)Y + bj-i{u) (sin 9(u,t)Y 
e{u,si) = 0, {d/dt)e>0. 
Tlien, taking tlie limit m — > 0, we see tliat 

tends to 

(-lVG,-,_i(AO)A(AO) 



n.^,,,-i(A°-Mm(A?-afc) 



Tlius we liave 6(0, t) = by ([521) • Tlie covector d/dHj at tlie 

point -y{u, S2) is equal to 



n 



e^(-l)'G,(/,)A(/,) d/, 



wfiicfi tends to, as u — > 0, 



1 (-1)^+^ cot G,- ,_i(AO)A(A°) rf/,- 



wfiere 9 = 0^-^(32) ■ Also, d/dHj_i tends to 

1 - A° 6:(-l)-G,,,_i(/,)A(/,) d/, 



^ 1 (-l)nang G,,_i(A°)A(Ag) rf/, 

VnM..-i(A? - M ■ nLo(A° - a;.) ' 
As is easily seen, we have 

^^ _ ^ ^ - \° e:(-l)-G,,-i(/.)A(/.) df. 
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where c = = l/\d/djij\ at 7(52). Therefore the claim 

follows. 

From the formulas obtained above and fl5.3p . we thus have 

g (Zj_i,,,(s2), cos 6* ^^-,2(52) + sin 6* Z'^_^^^^{s2)) = , 
9 {Zj,si{s2), -sine Zj,^(s2) + COS0 Zj^^^^^{s2)) = , 
(5.9) 9 {Zj,sr{s2), COS 9 ^■,2(52) + sine ^^.^^^^(sa)) 

_sing (-l)^G,,_i(A°)A(A°) 
4cc' / rr TTo i~\ rr^ 7^^) 



n.^,,,-i(A°-M-nLo(A°-a.) 

where c and c' are the norms of d/dfij at 7(si) and 7(52) respectively. 
In particular, we have: 

cose^ Q{Zj_i^si,Zj^s2) + sin 6* ^j-i.sa) = 

- sine' Q{Zj^si, Zj^si) + cos6 f^(^j>i, ^i-i.^a) = > 

where 6 = 6si{s2)- As is easily seen, the above formula is also valid 
when S2 < Si, in which case ^^^(52) = —6*32(51) < 0. Therefore, ex- 
changing si and S2 in the above formula, we have 

^(^j-i,si) ^^,52) — ^^-1,52) • 

By (15. 9p and fl5.10p we also have 

9 (^i-i,si(s2), -sine Z^.,^(s2) +cose Z'^_^^^^{s2)) 
(5.11) _sine (-l)^G,,_i(A°)A(A°) 

7-nM..-i(\°-M-nLo(A?-a.) ■ 

Now the assertion (2) easily follows from (15. 9p and (15. lip . Also, from 
those formulas we have 

9{Zj^s^{s2),Zj^^^{s2)) = g{Zj^s^{s2),Zj_^^^^{s2)) = 

9{Zj-l,sAs2),Zj,^{s2)) = ^(Zj_l,si(s2),^j_i,,2(s2)) = , 

provided ^^1(52) = vr. Since the Jacobi fields Zj^s, -^i-i.s belong to the 
limit of the vector space yj + 3^j-i, and since it is orthogonal to the 
limit of ^fc^^jj-i^fc with respect to the symplectic inner product fl, 
it therefore follows that ^^ ,,^(52) = Zj_i^s-^{s2) = 0. This finishes the 
proof of the proposition. □ 



Remark 5.6. For i with bi 7^ and 6j 7^ h+i, Propositions 15.11 
and Corollary 15.21 equally hold for the Jacobi field Yi s(t). 
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6. Geodesics starting at a one point 

In this and the subsequent sections we shall assume that the condi- 
tion (14. ip are satisfied. Let Pq & M he an arbitrary point. We may as- 
sume without loss of generality that po is represented by (xi, . . . , x„) = 
. . . , where < x° < ai/i {I < i <n). Let U*^M be the sphere 
of unit covectors at po- We denote by 

t ^ 7(t, r]) = (Xi(t, 7]),..., Xn{t, 7])) 

the geodesic with the initial covector rj G U*^M at t = 0. The function 
Xi{t, rj) is uniquely determined as a smooth function when hi ^ ai and 
7^ aj_i for each i. In this case, the geodesic does not meet JjU Jj_i, 
a part of the branch locus. If 6j = Oj, then the geodesic meets Jj and 
one gets more than one representations for Xi{t,rj) and Xi+i{t,ri) that 
are continuous at the branch point and smooth elsewhere. Note that 
t I— > fi{xi{t,ri)) is uniquely determined in any case. 
As before, we put 



/* 


dfi{xi{t,r])) 


/o 


dt 



We shall assign a real number to(^) > to each rj G U*^M. First we 
consider the case which is not equal to any one of the following three 
cases: (i) the geodesic 'y{t,T]) is totally contained in the submanifold 
Nn, i.e., bn-i = dn] (h) l(t,v) is totally contained in the submanifold 
Nn^i and = a„_i = < /„_i(x°_i); and (iii) 'y{t,r]) is 

totally contained in the submanifold iV„_i and po G J„_i, in particular, 
/n(a;°) = a„-i = bn-i = /„_i(x°_i). Then, define to{r]) by the formula 

(^n{to{T]),r]) =2(a;_i -a+) . 

In the cases (i) and (ii) listed above, we define to(^) as follows: Let 
Y{t) be the Jacobi field along the geodesic 'yit,r]) such that Y{0) = 
and Y'{0) = {d/dxn)/\d/dxn\- Then t = to(^) is the first positive time 
such that Y{t) = 0. In the case (iii) we define the Jacobi field Y{t) 
along the geodesic ■y(t,ri) such that 1^(0) = and Y'{0) is the unit 
normal vector to A^n-i- Then t = to{r]) is the first positive time such 
that Y{t) = 0. It is easily seen that Xn(to{r]),ri) = —x^, or ^ + in 
any case. 

It will be proved in Theorem 17.11 that the time t = to{ri) gives the 
cut point of Pq along the geodesic 7(t, rj). In particular, it will become 
clear that tol'?) is a continuous function of rj E U*^M and Pq G M. In 
this stage, we shall only prove a partial result. 
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Proposition 6.1. For any rj G U*^M and G M, there is a sequence 
rjjs {k = 1,2, ...) of unit covectors such that the corresponding values 
bi, . . . , bn-i of Hi, ... , Hn-i at rjk and oq, . . . , a„ are all distinct for 
each k, and 

lim rjk = rj, lim to{T]k) = to{r]) . 

k—too fc— ►oo 

Proof. At each covector rj which is not of the cases (i), (ii), (iii), the 
function tQ{r]) is clearly continuous, and we can find such {rjk}. For rj of 
the cases (i) or (ii) we note that to{ri) is equal to the limit \ims^Qto{r]s), 
where rjs G U*^ is a one-parameter family of covectors such that (i) 
bn-i = a„ + s^, (ii) bn-i = a„_i + s^, and other bj's are the same value 
as those for rj = rjo. 

Now, for rj G U*^M of the cases (ii), (iii), we first choose {ffk} G U*^M 
such that each fik is of the case (ii), fjk ^ rj {k ^ oo), and the values 
bi, . . . , bn-2 for each fik and aQ, . . . ,an are all distinct. Then, for each 
k we choose t]^ G U*^M in the one-parameter family of covectors given 
above whose limit is fik so that rjk ^ rj as k ^ oo. The case (i) is 
similar. □ 

For a while, we shall assume that po ^ Put 

u+ ={v e u;^M I Uv) > 0} 
u_ ={r^ G u;^M I Uv) < 0} . 

Note that they are well-defined hemispheres under the assumption pq ^ 
Jn-i- Let rj' G U*^M be the reflection image of 77 G U*^M with respect 
to the hyperplane if„ in T*^M defined by ^„ = 0, i.e., ^n{v') = ~^n{v)y 
UV')=UV) {l<i<n-l). 

Proposition 6.2. j(to{ri'),ri') = 'y(to{ri),ri) for any rj G U^. 

Proof. It is enough to show this for covectors rj such that 6j's and a^'s 
are all distinct. By (13.61) we have 



E 

4 = 1 



(-1)^G(/.)A(/, 



- nLi(/i - ■ nLo(/* - Ofc) 



dfi{Xi{t,7])) 



dt 



dt = 



for any polynomial G{X) of degree < n — 2. By using the variables cxj 
given above, this formula is rewritten as 

(6.1) ± i-^rGim(M) ^ „ , 

v- mziif. - h) ■ niu(/i - 
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Note that 



(6.2) 



- ITkJlifn - h) ■ nLo(/n - 

(-1)-G(A)A(A) 



dX 



Since the values of each bi are the same for the two covectors rj and t]', 
and since CTnitoiv) ^ v) = 2(a~_j^ — a^) = (Tn{tQ{ri') , r]') , we then have 

, , -1-^° v/-n:iJ(/.-M-nLo(/^-a.) 

(6.3) ^ 

^ ^ /--.(toC.'),.') (-1)-G(/,)A(/,) 

^=1-^" \/-n::J(/.-M-nLo(/^-a.) 

Now, let / be the set of z G {1, . . . ,n — 1} such that 

Then, as we shall prove in the next lemma, there is a polynomial G{\) 
of degree < n — 2 such that (— 1)*G'(A) > for A G (0^,0^^;^), i e I, 
and (-l)^G(A) < for A G (a+, a" J, z ^ /, if / ^ 0. With such G(A), 
the formula (16.31) clearly yields a contradiction. Therefore, / = and 

for every 1 < i < n — 1. This indicates 

for any 1 < i < Ti, and therefore 'y{to{ri'),ri') = '~f{to{r]),ri) . □ 

Lemma 6.3. Suppose 6, 's and ai 's are all distinct. Let Ii be a subset 
of {1, ... ,n} and let I2 be its complement. Assume both Ii and I2 are 
nonempty. Then there is a polynomial G{X) of degree < n — 2 such 
that 

> for A G {al, fljli), i G h 
< for A G {al, a^l J, i e h 



Proof. Assume 1 G Ji. We put 

G(A) = -n(A-M , 

where the product are taken over all such k G {l,...,n — 1} that both 
k and k + 1 belongs to Ji or that both k and A; + 1 belongs to I2. Since 
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both 1 1 and I2 are nonempty, it follows that deg G < n — 2. Also, it is 
clear that the signs of the function G{X) is different on the two intervals 
(a^,a^_^) and (at+i^^k) '^^^Y if A — 6^ is a factor of G(A), i.e., 

k and k + 1 belong to the same group. Since —G{\) > on (0^,09 ), 
it follows that this G{X) has the desired property. In case 1 G I2, then 
—G{\) possesses the desired property. □ 

Proposition 6.4. to(^) = ^oiv') fof any rj G U*^M . 

Proof. By (13. 2p we have 

(6.4) v r'"""'" 



Since (Tj(to(^?), = '^iihiv')^v') ^-^ly ^ by Proposition 16. 2[ it there- 
fore follows that ^0(^7) = toiv')- n 

Proposition 6.5. Suppose that the geodesic 'y{t,ri) does not totally 
contained in any Nj for any j. Then, ai(to{r]),rj) < 2{a^_^ — a^) for 
any i < n — 1 such that hi 7^ 

Proof. The assumption implies that there is no i such that hi = aj+i 
or = tti. First, suppose that hi, ... , hn-i and oq, . . . , a„ are all 
distinct. Let Ji be the set of z G {1, . . . , n — 1} such that ai{to{ri),r]) > 
" ^t)- Assume that Ji 7^ 0. Put I2 = {1, . . . , n} — Ji. Note that 
n G I2. For these Ji and J2, let G(A) be the polynomial given in the 
proof of Lemma 16. 3[ Then we have 



i=l 



-1)'G'(A)A(A) d\ 



nL}(A-&fc) -riLoi^-^fc) 



(6.5) = - 2^ / + / , — 

■lYGifMifi. 



2{a-_i-a+) 



_^ ...... 



Here, the polynomial G{X) is of the form 
G(A) = 



-mei.(A-M (iflG/i) 



where K is the subset of{l,...,n — 1} such that k & K means k and 
A; + 1 belong to the same group, i.e., /c. A; + 1 G /i, or A;, A; + 1 G /2. 
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Therefore, n — 1 — jj^K is the number of such A; G {1, . . . , n — 1} that k 
and k + 1 belong to the different groups. Since n G /2, it follows that 

n - 1 - is 

Therefore, by Proposition 14.11 (1) it follows that the first line in the 
formulas (16.51) is positive, while the second and the third lines are 
nonpositive, which is a contradiction. Thus Ji must be empty, and the 
proposition follows. 

Next, we shall consider the case where = hj for several j, but 
other hk and ak are all distinct. In this case, we define the subset Ji 
of {1, . . . , n — 1} as follows: For k with hk-i hk-, k & Ii if and only 
if crk(to{ri),ri) > 2(a^_^ — a^); for k with bk-i = bk, k E h if and only 
if A; — 1 G /i or A; + 1 G /i. Note that bk-i < bk~2 and fo^+i < bk if 
bk = bk-i- 

Then, by the same way as above, we define the sets I2, K and the 
polynomial G{\). Put 

J = {j\ bj < bj_i, 1 < J < n - 1} . 

Since k — 1 E K 01 k E K ii bk = bk-i, we then have, instead of (16. 5p . 
the following formula: 

-1 {-iyG{X)A{X) dX 



S -f^t ^- nL!(^ - bk) ■ nLo(^ - 

(6.6) =- 1^ ^ I , — 



^ r2(a^.~4) (-l)-G(/,)A(/.) 



If /ifl J 7^ 0, then we have a contradiction by the same reason as above. 

Finally, let us further assume that bi = ai for some i. In this case, the 
times t such that fi{xi(t, rf)) = and those such that /j+i(a;j+i(t, 77) ) = 
ai coincide. Therefore, in each side of the formula (16. 5p or (16.61) . the 
sum of the integrals in cXi and cxi+i remains finite, and the arguments 
above are also effective in this case. □ 

Proposition 6.6. Suppose that the geodesic 7(t, //) does not totally 
contained in any Nk- For a fixed j with bj = bj-i, let Og^ (^2) be the value 
defined in the formula (\5.7h in the previous section. Then, ^o(^o(^)) < 
vr for such j . 
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Proof. By (15. 7p we have 



i<i<J^ \fi - Uk^j,j-iU'i - bk) ■ lYLoifi - 



'n.^i,,-i(A° - ft/.-) n»(A° - oo 

Also, taking a limit a^, aj^i A° in Lemma [4.21 we have 



(-iyG,,,_i(AO)A(AO) 



Therefore we obtain the following formula: 



l<«<n 



-l)^G,,_i(A°)A(A°) 



We put s = to(^)- The first line of this formula is nonpositive by the 
previous proposition. Also, applying the n — 1-dimensional version of 
Proposition 14. II (1) to the positive function 

(a(a)-a(a;))/(a-a;), 

the second line is negative. Since (— l)''Gjj_i(A°) > 0, it thus follows 

that eo{to{7])) <TT. □ 

As a consequence, we have the following proposition. 

Proposition 6.7. Suppose that the geodesic 'y{t,ri) does not totally 
contained in any N^. Then: 

(1) There is no conjugate point of po along the geodesic 'y{t,T]) in 
the interval < t < to(^)- 
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(2) 'y(to{ri),ri) is not a conjugate point of po along the geodesic 
'j{t,r]), unless 6„_i(= iJ„_i(?7)) = /„(a;°). 

(3) // = fnixl), then 'y{to{r]),r]) is a conjugate point of po 
along the geodesic 'y{t,T]) with multiplicity one. 

Proof. (1) and (2) follow from all results in §4 and Propositions 16.51 
and 16. 6[ Now, let us prove (3). Since /n(a;°) = &n-i, it follows from 
Corollary l5.2l (l) that Yn-iflito^r])) = 0. Hence ■y(to{ri),ri) is a conjugate 
point of Po along the geodesic 7(t, rj). Now we show that Yj^oito^r])) ^ 
(or, Zji^itoij])) 7^ 0) for any j < n — 2. First, suppose that ^ bj^i for 
any j. For k < n-2 with h ^ fki^l), fk+iixl^^) , we have Ffc,o(io(^)) 
by Propositions 16.51 and 15.31 If bk = fki^D or then again 

we have Yk^oito^r])) 7^ by Proposition l6.5l and Corollary l5.2l (l). In case 
bj = for some j, we also have o(to(^)) 7^ and Zj_i^o(io(^)) 7^ 
in the same way as above by Proposition 16.61 □ 

7. Cut locus (1) 

Let Po be a point as in §5. Let be the subset of M represented by 
x„ = ^ + x° or —x^, which is a submanifold of M diffeomorphic to 
the (n — l)-sphere if < x° < a„/4, and which is a submanifold with 
boundary diffeomorphic to closed {n — l)-disk if x° = a„/4. Let to(^) 
be the value defined in the previous section. 

Theorem 7.1. (1) The cut point of po along the geodesic ''y{t,ri) is 
given by t = to^rj) for any po E M and rj G U*^M . 

(2) Suppose Po ^ Jn-i- Then, the assignment rj 1— >• 7(to(?7), ??) gives 
a homeomorphism from U+ to its image C{po), the cut locus of 
Po, and it gives C°° embeddings of U-^- and dU+ respectively. In 
particular, C{po) is diffeomorphic to an {n — l)-closed disk, and 
it is contained in (the interior of) N. Also, for each rj G dU^, 
■y{to{ri),r]) is the first conjugate point of po of multiplicity one 
along the geodesic t 7(t, rj) . 

(3) Suppose Po G Jn-i. Then the cut locus C{j>o) coincides with the 
cut locus ofpo in the totally geodesic submanifold Nn-i, which is 
smoothly embedded {n — 2)-disk in Jn-i- For each interior point 
q of C{po) there is an -family of minimal geodesies joining 
Po and q; the tangent vectors of those geodesies at po form a 
cone whose orthogonal projection to Tp^^Jn-i is one- dimensional. 
For each boundary point q of C{po), there is a unique minimal 
geodesic from po to q, and along it q is the first conjugate point 
of Po of multiplicity two. 
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In this and the next two sections, we shall prove this theorem. The 
proof will be divided into five cases: (I) po ^ A^^ for any k; (II) < 
x° < an/4, but po G A^; for some /; (III) x° = 0; (IV) x° = a„/4, and 
Po ^ Jn-i', (V) Po G Jn-i- In this section we shall consider the case (I) 
and prove (1) and (2) of the theorem in this case. The proofs for the 
cases (II) ~ (V) will be given in the next two sections. 

For each 77 G f/-, let ^-(77) be the first positive time t such that 
Xn(t,ri) = — Define the mapping $ : U*^M —^Nhy 

Then, $(77) G is the first point that the geodesic 7(t, 77) meets for 
any rj. We shall prove that $ is a homeomorphism. To do so, we need 
several lemmas. 

Take a point p'q in such a way that p'q is represented as (a;?, ■ ■ ■ , 
x\), where Q < x\ < x'^ < an/ 4:. Let U'^ be the hemisphere of U*, M 

defined by ^„ > 0. We define the mapping ip : U+ ^ U'^_ so that it 
preserves the values bi of Hi {1 < i < n — 1) , i.e., by ip{po', ^1, • • • , C,n) = 
{Po,^i,---,L), where 



6 = 6 il<^<n-l] 



i 



n-l 



k=l 



Note that fc^'s are functions of (po]Ci, ■ ■ ■ ,Cn) G Since > 

fni^n) > fni^n), the image tp{U+) is contained in the interior U\_. Let 
A^' be the submanifold of M defined by Xn = —x^, and define the 
diffeomorphism : N —>■ N' hj 

We also define $ : [/^ — A^' in the same way as $ 
Lemma 7.2. \1/(<I>(7/)) = ^('ip^r])) for any 7] G f/+. 



u+- 



Proof. We write ipirj) = fj for simplicity. For the geodesies '^{t^rj) and 
^{t,fj), we have the equality (16.11) and the similar one. Taking the 
equality f l6.2p into account, we have the similar formula as ( 16. 3^ : 

g rMtoivU) {-iyG{f,)A{f,) 



i=l ■ 
n-l 

E 

1=1 







UlZiifi - h) ■ ]Tk=oifi - 
Mtoivm {-iyG{f,)A{f,) 

- ITkZlifi - h) ■ Ul=o(fi - 
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Therefore, in the same way as the proof of Proposition \6.2\ we have 
(yi{to{fj),fj) = ai{to{r]),r]) and hence Xi{tQ{fj),fj) = Xi{to{r]),ri) for any 
i < n — 1. Thus we have ■j(to{fi),fi) = '^{'y(to{ri),ri)). By the formula 
(16.41) we also have to(^) = ''^o('7)- D 

By Proposition 16.71 we know that ^\u+ is a local diffeomorphism 
and so is true for the initial point p'^. Therefore it follows from the 
above lemma that ^Ij/^ is a local homeomorphism and ^Igcj;;: is a local 
diffeomorphism. For the mapping $ on f/_, we have the following 

Lemma 7.3. is a local diffeomorphism. 

Proof. By Proposition 16.71 and by the above observation, we know that 
$|;7_ and $ 1 9^77 (= ^\du^) are C°° immersions. Let {rjs} be a one- 
parameter family of unit covectors at po such that rj^ G f/_ (s > 0), 
770 e 9f/_, and fis = (d/dun-i) /Id/dun-il, where the variable Un-i is 
the one defined in ^ We shall show that is of class and a 

local diffeomorphism at tjq. 
Differentiating the equality 



1=1 



irk=iifi - bk) ■ Ul=oifi - ak) 



in s, one obtains 
(7.1) 

d 

= ^(c,F„_i,o(t-(r/.)) + g^t^ijs) ■ ^it4r]s),r]s)) 

{-iyG^_,{f,)Aifi) dai 

'=1 ifi - bn^l)^J-m=lifl-bl)■ ULoifi-^>^) 

where Cg = ±|9/9z/„_i| at rjs and f3 is the 1-form; 



(^ = 2^ I = d{fi{xi)) 



'=1 ^ / - lYLiiM^i) - bk) ■ Ul=o{Mxi) - ak) 

Then, taking the limit s \ 0, we have 

= ^t_(r/,)|^^Q /5(7(t_(r/o),r7o)) 



+ 



ds 

4e;(-l)"G'„_i(&„_i)A(6„_i) 

- Ukjtn-libn-l - bk) ■ nLo(^n-l - 
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Noting that the covector b(7(t_(?7o), r/o)) is equal to 



at 7(t_(?7o), r^o), we see that 

1 1 



d{fi{xi)) 



bl — bn-l bn-2 — bn-1 

This indicates that {d/ds)t-{ris)\s=o is finite and nonzero. 

Also, by similar formulas to (17.11) . the derivatives of 7(t_(?7), t]) by the 
normalized d/dHj {j <n — 2) are of the form Y^-^o(^-(^)) + Cjji{t-{v)v) 
(or Zjfl{t^{vi)) + Crj'y(t-{r])'i])) e T^(t_(^)^^)A^, which are continuous in 
7] near the boundary dU-. Therefore the mapping is of class Ci 
and the lemma follows. □ 

The above lemma implies that ^Ijfz is a local homeomorphism. Thus, 
combined with the above result, we see that $ : U*^M ^ is a local 
homeomorphism. Since both U*^M and N are homeomorphic to the 
{n — l)-sphere, and since n > 3, it therefore follows that $ is really a 
homeomorphism . 

We shall prove that the image of the map U+ 3 rj ^ 'j{to(r]),r]) is 
just the cut locus of Pq. Let us temporarily denote this image by C. 
Note that, for any r] G U*^M, the cut point of po along the geodesic 
■j{t,ri) will appear at t < tQ^rj), because of Propositions [6^ and [6^21 In 
particular, putting 

V = {tve T;^M I G t/;M, < t < t,{r,)} , 

we have the following lemma. Put Expp(,(t?7) = 'y{t,ri). 

Lemma 7.4. (1) Expp^ : V ^ M is surjective. 

(2) i?x2)p„(\/)nc = 0. 

Proof. Let g G M be any point (7^ po) and let 7(t, rj) (0 < t < T) be 
a minimal geodesic joining pq and q ij] & U*^M). Since T < to(^); (1) 
follows. Next, assume that there is some rj G U*^M and < T < to(^) 
such that 7(T, 77) G C Then, a;„(T, 77) = — or ^ + x° . Note that, if 
G f/+, then t = to(^) is the first positive time when x„(T, 17) = — a;° 
or ^ + x'^. Thus we have r] E and T = t^ijj). But, as we have 
proved in the previous lemma, 7(T, r^) ^ C in this contradiction. 
Thus (2) follows. □ 

Fix rj G U*^M and suppose that the cut point of Pq along the geodesic 
'j{t,ri) appear before t = to{ri), i.e., the geodesic segment 'yit,ri) (0 < 



32 



JIN-ICHI ITOH AND KAZUYOSHI KIYOHARA 



t < to{ri)) is no longer minimal. Then there is another minimal geodesic 
7{t, V) (0 < t < T) joining Pq and q = -f{to{r]),r]), f] G U*^M. 

Since the geodesic segment '^{t^ff) (0 < t < T) is minimal, we have 
T < to{f]). Also, since 'y(T,fi) = g e C, we have T = to(^) by 
Lemma 17.41 (2). Then, by the injectivity of $ we have fj = r] or t]'. 
But this implies that the geodesic segment ■y(t,ri) (0 < t < to{i])) is 
minimal, a contradiction. Thus t = tol'?) gives the cut point of po 
along the geodesic 7(^,77). This completes the proof of (1) and (2) of 
the theorem in the case where < x° < a„/4 for any i. 

8. Cut locus (2) 

In this section, we shall give a proof of Theorem 17.11 for the case 
(II) described in the previous section. The cases (III) ~ (V) will be 
considered in the next section. Note that the statement (1) of the 
theorem holds for any po and any rj G U*^M , which is a consequence of 
the results in the previous section, Proposition l6.lt and the continuous 
dependence of cut points on the initial covectors. Thus we shall prove 
(2) for the cases (II) ~ (IV) and (3) for the case (V). 

Now, let us consider the case (II); < a;° < a„/4 and po ^ Ni 
for some I < n — 1. As in the previous section, we shall show that 
$ : Up^M is a homeomorphism. 

Proposition 8.1. Suppose po e Ni and let r] G U*^^M be a covector 
such that the geodesic 'y{t,rj) is totally contained in Ni. Let Yi{t) be a 
nonzero Jacobi field along the geodesic 'y{t,ri) such that Yi{0) = and 
Yi(t) is orthogonal to Ni everywhere. Then, Yi{tQ{ri)) 7^ 0. 

The proof will be given below. This proposition together with Propo- 
sition 16.71 applied to the intersection of the Liouville manifolds Ni in 
which the geodesic is contained show that the mapping ^\u+ and ^Igj]^ 
are immersions. Then, in the same way as the previous section, we see 
that is a local homeomorphism. On the other hand, since to(^) 
represents the cut point, and since t^{ri) < to(^), the mapping is 
a C~ embedding and $(f/-) n ^(U+) = 0. Also $(t/pj = A^ by conti- 
nuity. Therefore it follows that $ : U*^M — > A^ is a homeomorphism. 
This indicates (2) of the theorem in this case. 

In the rest of this section we shall prove Proposition 18. 1[ We may as- 
sume that there is only one such I that the geodesic is totally contained 
in A;. According to the position of the geodesic jitjT]), there are four 
different cases: (i) the geodesic "iit^rf) intersects J/ transversally; (ii) 
■y(t,ri) does not meet Jf, (iii) 7(t, ?]) is tangent to Ji, but not contained 
in it; (iv) j(t,ri) is contained in J;. 
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First, let us consider the case (i), and first assume po ^ Ji. We may 
also assume < bi = ai = fi{x^)] the case where = 

bi = ai < fi{xf) is similar. Note that fi{x^) < in this case, since 
the intersection of 'y{t,T]) and J/ is transversal in A*";. Then the Jacobi 
field Yi(t) is given by the one-parameter family of geodesies {■y(t,ris)}, 
where rjs G U*^M satisfies r]o = rj and Hiirjs) = h — s'^, Hj{rjs) = bj for 

To show the proposition in this case, we use a similar technique as 
Lemma 17.21 which is as follows. Take a point p'^ in such a way that 
p'q is represented as {x^, . . . ,xl, . . . ,x^), where = x'} < x} < ai/i 
and fi{xl) < bi^i,ai_i. Let f//_ be the hemisphere of U*, M defined by 

<Q and so be f/;_ in U*^M. Taking a sufficiently small neighborhood 
W of T] in U*^M, we define the mapping ip : Ui^ nW U[_ so that it 
preserves the values oi {1 < i < n — 1) , i.e., by ^j^Pq] ^i, • • • , in) = 
(Po;6, • • • where 

Note that HkS are functions of {po] . . . , C,n) € f//_. 

Let x} be the value of xi{t,i/j{ris)) at the time when ai{t,il){r}s)) = 
2(a;1i ~ which is —x} or xj + ai/2. Also, x° is similarly defined. 
Let A^' be the submanifold of M defined by x/ = xj, and define the 
diffeomorphism : N' ^ Ni hj 

. . . , , , . . . , Xn) ("''I; . . . , , . . . , Xfi). 

Then we have the following lemma. The proof being similar to that for 
Lemma [7.21 we omit. 

Lemma 8.2. ^(7(t2(V'(?7j), V'(^s))) = l{t2{Vs),Vs) for any s > 0, 
where t2{r]s) denotes the time when ai{t2{ris) , rjs) = '2{aJ_^ — a^). 

Since t = t2{rjs) is the first positive time when the geodesic 'y(t,ris) 
reach Ni again, it follows that t2('7o) = hnis^o ^2('7s) is the first positive 
time when the Jacobi field Yi(t) vanishes. Applying Proposition 16.71 to 
the geodesic 7(t, ^/'(t^o)), we have tolV'l^o)) < hii'ivo))- Since 

an{t2{'^{Vs)),'^{Vs)) = Crn{t2{Vs),Vs), 

we then have cr„(t2('7o), ''7o) > 2(a~_i — a^), which implies to('7o) < 
t2{r]o), and hence 11 (to ('7o)) 7^ 0. 

Next, let us consider the case (i) with the condition pq G Ji. Let 
rjs G U*^M be as above so that the geodesic 7(^,770) is transversal to 
Ji in A";. Then the family of geodesies {'j{t, ris)}s>o coincides with the 
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family {■y(t, (riVso))} fo^ ^ fixed sq > 0, where {(r} is the one-parameter 
group of diffeomorphisms of U*M generated by Xp^. Thus, in this case, 
the first positive time ^2(^70) when the Jacobi field Yi{t) vanishes has 
the property that 

lit2{vo),Vs) = l{t2{vo),Vo) e Ji , ai{t2{r]o),Vs) = 2(a,li - a+) . 

Now, let us consider Ni as an (n — l)-dimensional Liouville manifold 
constructed from the constants aj {j 7^ /) and the function ^(A). Then 
the variables fi{xi) and are connected to a single variable 

whose range is [a^+i, a;_i], and the total variation of this variable along 
the geodesic 7(^,770) (0 < t < ^2(^70)) is equal to 2{aJ'_^ — al^^). Hence 
by Proposition 16.51 for the {n — l)-dimensional manifold A*";, we have 
^o(^o) < ^2('7o), and thus Y;(to(?7o)) ^ 0. 

Next, we shall consider the case (ii); the geodesic 'jit,!]) does not 
intersects J;. There are two cases: a/ = fi{xi{t,ri)) = bi+i = 

Tj)) = ai. The proofs for them are similar, so we may assume 
ai = bi-i. Note that bi < ai in this case, since jit,?]) does not meet Ji. 
The Jacobi field Yi(t) is given by the one-parameter family of geodesies 
{lityVs)}, where t].s e U*^M satisfies 770 = 77 and Hi^i{r]s) = a/ + s^, 
Hj{r]s) = bj for j 7^ Z — 1. Define 6s{t) by the formula 



fiixiit,ris)) = aiicos9,{t)f + Hi^iiris){sm9s{t)f , ^,(0) = 



and put 6^0 (t) = lim^^o 9sit). Let t2(^) be the time such that 9o{t2{ri)) = 
IT. Then t = t2(^) is the first positive time when Yi{t) = 0. We shall 
show that to(^) < t2{v)- We have 



Also, a similar observation as in the proof of Lemma [4.21 indicates 




(-l)'27r Gi^i^i{ai)A{ai) 



. 





(-l)'27r G{ai)A{ai) 
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Thus we have the formula: 



(8.1) 






Take a sufficiently large constant c > and put 



B{X) = c [i] = i{i<l)- =i-l{i>l). 



Then, by Lemma [4.21 {{n — l)-dimensional case), the left-hand side of 
the formula fl8.ll) is rewritten as 



Since B{X) satisfies the condition (14. ip . the above value is positive 
by Proposition 14.11 (1) {{n — l)-dimensional case). If to(^) > ^2(^7)5 
then, applying Proposition 16.51 to the Liouville manifold A*";, we have 
<^i(t2{v)^v) ^ 2(aj^^ — af) for any i ^ I. This indicates that the 
right-hand side of the formula (18. ip is nonpositive, a contradiction. 
Therefore, it follows that toirf) < t2(^), and Yj(to(^)) 7^ 0. 

Next, we shall consider the case (iii); 'y(t,ri) is tangent to J/, but not 
contained in it. First, we assume po ^ Ji. In this case, it holds that 
either fi+ii^x'^^^) < k = ai = fi{x^i) = bi-i or bi+i = /z+i(x|'_^J = ai = 
hi < fi{x^). Since the proofs are similar, we may assume 



Define a one-parameter family of unit covectors rjs at po such that 
r/o = Tj, Hi{r]s) = ai — s^, and Hjijjs) = bj for j ^ I. Then, the 
geodesies 7(^,77^) (s 7^ 0) are still on A^";, but do not meet Ji. Since 
the zeros of a family of Jacobi fields are continuously depending on 
the parameter, it follows that limg^o ^2(^75) = ^2(^7) represents the first 
positive time t such that Yi{t) = 0. Now, substitute rj = rjs in the 
formula (18. ip and take a limit s ^ 0. Then, if to(^) ^ ^2(^7)? one 
gets a similar contradiction as above. Thus we have to(^) < '^2(^7)7 and 
Yi{to{ri)) 7^ in this case. 

Next, we assume that po G Ji. Let rjs G U*^M (770 = 77) be a one- 
parameter family of covectors such that the infinitesimal variation of 
the geodesies {'j(t,ris)} at s = is equal to Yi{t). Let ^2(^5) be the 




fi+ii^i+i) <bi = ai = fi{xi ) = bi-i . 
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first positive time such that -^{t.rjs) G Ni. Then, t2{ri) = hiiis^o ^2('7s) 
is the first positive time such that Yi{t) = 0. Also, by the same reason 
as in the case (i), we have '^{t2{rjs),rjs) G J/ and so does for s = 0. 
Hence we have ai+i{t2{ji),vi) = 2{aJ — a^j^), and thus tQirf) < t2{ri) by 
Proposition 16.51 

Finally, let us consider the case (iv); ■j{t,ri) is contained in Ji. In 
this case, we have 

k+i = = bi = ai = fi{x^i) = bi-i . 

Define the one-parameter family of the initial points Po{s) and the 
initial covectors rjg G U*^^^-^M so that Hi^iirjs) = Hi{rjs) = hi — and 
Hi{r]s) = bi {i ^ 1,1 + 1). Then the formula (18.11) is valid for 77^. Taking 
a limit s —>■ 0, we have: 

-> (-l)l'l+iG,,,_,(A)B(A) d\ 



E 



i<[i]<„_i j'^^ J- nrfc]=i((A - flfe )(A - flfc )) 



2(a-_i-a+) 



= Yl 

ij^i,i+i^''dt2ivU) \fi - a/l^-rifc^i-il/i - h) ■ UkMf^ ~ "fc) 

Since the left-hand side of the above formula is positive by Proposition 
14.11 we have to(^) < hiv) &s before. This completes the proof of 
Proposition 18.11 

9. Cut locus (3) 

In this section, we shall give a proof of Theorem 17. II (2) for the cases 
(III) and (IV), and (3) for the case (V). First, we shall consider the 
case (III); Po G N^. 

We use Lemma 17.21 in the case where = and use it by exchanging 
Po and p'q. As a consequence, we see that the mapping 

is a C°° embedding. Therefore, to prove (2) in this case it is enough to 
show that the mapping 

(9.1) dTU3r]^j{to{v),v)&Nr, 
is an embedding. 

For Po G Nn and t] G U*^Nn, let ^0(^7) denotes the value which is 
defined in the same way as to{ri) for the {n — l)-dimensional Liouville 
manifold A^„. (Note that Nn is constructed from the constants < 
ttn-i < ■ ■ ■ < ao and the function A{X) as in §2.) As we have proved 
in (1), t = toirf) gives the cut point of po along the geodesic 'j(t,ri) 
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in Nn- In particular, we have to(^) ^ ^o(^)- Therefore, the following 
proposition will indicate that the mapping (19. ip is an embedding. 

Proposition 9.1. to(^) < ioiv) f^'^ c-'i^V Po ^ and rj G U*^Nn. 
Proof. We use the formula 

y p-^ (-l)-+^a-i,n-2(A)i?(A) 

^-^ I -t- / --rn-2/ X 1 \ T-rn-l/ - ^ 



i=l 



nLi(^-^fc)nLo(^-«fe) 



A{X) - A{an) 



1=1 
where 

5(A) = c 

A - fln 

and c > is a sufficiently large constant. As before, the left-hand 
side of the above formula is positive, whereas each integrand of the 
right-hand side is negative for i < n — 2. Thus, if tol'?) = then 

2(a-_2 -a+_i) = (Tn_l(to(^),^?) = an-i(to(^),^), 

and we have a contradiction. Therefore it follows that to(^) < to{ri). 

□ 

Next, we shall consider the case (IV); x° = an/4 and po ^ Jn-i- By 
the similar fact as Lemma [7^ and by the proved cases, we see that the 
map T] •yito^r]),!]) gives C°° embeddings U+ ^ N and dU+ N, 
where N is the subset of A^„_i such that Xn = —an/ 4:. To see that 
the cut locus C{po), the union of the images of those maps, is in the 
interior of A^, it is enough to show that C{po) does not meet J„_i, a 
connected component of which is equal to the boundary of N. Assume 
that 'y(to{ri),ri) G J„_i for some rj G U+. By Lemma EH] we see that 
F'n-iiv) = 0- Since po ^ Jn-i and pq G A'n-i; it thus follows that 
1] G Up^Nn^i, i.e., r] G dU^. Now put 

y{t)=y{to{v)-t,ri) 

Then, ■y{t) is a geodesic starting at 7(^0(^7),??) G Jn-i and its first 
conjugate point is po = 7(to(?7))- But, as we shall see just below, the 
first conjugate point of any geodesic starting at a point in Jn-i also 
belongs to Jn~i, which is a contradiction. Thus C{po) is contained in 
the interior of A^. This finishes the proof of (2) of the theorem in this 
case. 

Finally we prove the statement (3) of the theorem for the case (V); 
Po ^ Jn-i- Note that t = to(^) gives the cut point of po along the 
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geodesic 'yit,!]) for any t] G U*^M. We apply the results proved above 
to the (n— l)-dimensional Liouville manifold Nn-i, which is constructed 
from the constants < a„ < 0^-2 < ■ ■ ■ < oq and the function ^(A). 
Noting the fact J„_i fl Jn-2 = 0, we see that the cut locus C{po) of po 
in Nn-i is an {n — 2)-closed disk, and it is the image of the map 

where to(^) is the value which is defined in the same way as to{r]) 
for the [n — l)-dimensional Liouville manifold A^n-i- It has also been 
proved that the above map is an embedding on the interior and on the 
boundary. 

Let ?7 be a unit covector such that fj ^ T*^Nn-i- Let {(s} be the one- 
parameter transformation group of T*M generated by XF„_-i^. Then 
fjs = Csiv) £ U*^M whose orthogonal projection to T*^Jn-i does not 
depend on s, and fj^oo = ^^^s^±ooVs ^ T*^Nn-i- By the definition of 
toiVs) we have 7(^0(^5); ''7s) ^ Jn-i- Therefore the Jacobi field 7i^Xp^_-^ 
along the geodesic 7(^,775) also vanish at t = to(^s)- Thus we have 

7(to(^s), ^s) = 7(i':o(^±oo), ^±00), to{f]s) = tofeoo) 

for any s G M. Since t = to(^s) gives the cut point of po along the 
geodesic 7(t,r/s), and since r^+oo G U*Nn-.i and r/_oo G U*Nn-i are 
symmetric with respect to the hyperplane T*^Jn-i C T*^Nn-i, it follows 
that to(?7±oo) = ^o('7±oo)- Thus we have proved that the cut locus C{po) 
of Po in M coincides with C{pq) and that if r]i, ri2 G U*^M have the same 
Jn-i-components, then 'y{to{rii),Vi) = 7(^0(^2), ??2)- From these it 
also follows that for r] G f/pgJ„_i, t = to^rj) gives the first conjugate 
point of Po with multiplicity two along the geodesic 7(t, rj). This finishes 
the proof of Theorem I7.1[ 
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